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Let T,(p) denote a random graph with n vertices in which any two vertices, 
independently of the others, are connected by an edge with probability p = 1 -q 
where 0 <q < 1. Denote by Q,(q) the probability that f,(p) is connected. In 1970 
V. E. Stepanov proved that Q,(q) < (1 - qn)n-l for n 3 1. In this paper a simple 
proof is given for a general inequality related to the connectedness of m(p) which 
contains Stepanov’s inequality as a particular case. 6 1990 Academic Press, Inc. 
1. INTRODUCTION 
Let us consider a simple graph with vertex set (1,2, . . . . n}. Define 6, = 1 
if vertices i and j are joined by an edge, and 6, = 0 if vertices i and j are 
not joined by an edge. Let us assume that a,, 1 < i < j,< n, are mutually 
independent random variables for which 
P(6,=1)=p and P&=0} =q, (1) 
where p 2 0, q 3 0, and p + q = 1. We shall use the abbreviation T,(p) for 
this model. 
Denote by Q,(q) the probability that the random graph T,(p) is connec- 
ted. A’ graph is said to be connected if any two different vertices are joined 
by a path (an uninterrupted sequence of edges). We have Q1(q) = 1, 
&(q) = 1 - q, &(q) = 1 - 3q2 + 2q3, Q‘,(q) = 1 - 4q3 - 3q4 + 12q’ - 6q6, . . . . 
In 1959 E. N. Gilbert [ 1 ] demonstrated that 
4 i’“-i’Qi(q) = 1 (2) 
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for n = 1, 2, . . . . From (2) it is easy to deduce that 
‘--l n-1 
1 -t&(q)< c 
i=l ( ) 
i- 1 q”“-i’dq”‘2[(1 +q(n-2)‘2)n- l] (3) 
if n>,2. By (3) we have a good lower bound for Q,(q) if q -+O. In 1970 
V. E. Stepanov [6] found a good upper bound for Q,(q) if q -+ 1. He 
proved that 
for n > 1. Stepanov’s proof is quite involved and relies on one of his earlier 
results (V. E. Stepanov [S].) For (4) a simpler proof was given in 1978 by 
D. E. Knuth and A. Schiinhage [3]. 
In what follows we shall prove a general inequality related to the 
connectedness of T,(p) which contains (4) as a particular case. In 1985 
W. Kordecki [4] generalized the aforementioned results of V. E. Stepanov 
[S] in another way. 
2. A GENERALIZATION OF STEPANOV'S INEQUALITY 
Let us fix a set of s vertices, say (1,2, . . . . s}, in the graph r,,,(p). We say 
that vertex j can be reached from vertex i if the two vertices are joined by 
a path. Define p,(s) as the number of vertices of T,(p) which either belong 
to the set (1, 2, . . . . s} or belong to the set (s + 1, s + 2, . . . . n} and can be 
reached from some vertex in the set (1, 2, . . . . s>. Clearly, p,(s) is a random 
variable with possible values s, s + 1, . . . . n. The probabilities P(P~(s) = k) 
for 1 < s < k < n can be determined by the recurrence formula 
P(Pn(S)=k) =kfs(nI”) pjq”+‘P(p,-,(s+j- l)=k- 1), (5) 
j=O 
where P{po(0) = 1 > = 1. To prove (5), let us take into consideration that 
the event p,(s) = k can occur in several mutually exclusive ways: Vertex 1 
is joined by j vertices (0 <j< k - s) in the set of vertices (s + 1, . . . . n}. This 
event has probability (,i”) p’q”-‘-j. Now let us divide the set of vertices 
(2, 3, ***, n > into two subsets. The first subset contains s + j- 1 vertices, 
namely, the vertices 2, 3, . . . . s and the aforementioned j vertices in 
(s + 1, .‘., n}. The second subset contains the remaining n - s - j vertices in 
(s + 1, ..‘, n ). Then the second subset contains k - s - j vertices which can 
be reached from vertices in the first subset. This latter event has probability 
P(p,- 1(s+ j- 1) = k- l}. The probability that both events occur is equal 
to the product of the aforementioned two probabilities. If we add these 
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products for every j = 0, 1, . . . . k-s, then we obtain the desired probability 
(5). 
We observe that 
P(p,(s) = k) = ;I”, pk-syk’“~‘~~‘(4) 
( > 
(6) 
for l\< s < k < n where @t)(q) is a polynomial of degree (k + s - 3)(k - s)/2 
in q. If we put (6) into (5), we obtain the following recurrence formula for 
the determination of @t)(q) for 1 6 s < k: 
Since @i’)(q) = 1 and @Ip’( q) = 0 for k 2 1, the polynomials @(ks)(q), 1 < s < 
k ,< n, are uniquely determined by (7). 
THEOREM. If 1~ s < k < n, we have 
P(pn(s) = k} < ;I; qk’“-k)(l - q’yk-s. 
( ) 
(8) 
Proof: We shall prove that 
@i’(q)<(l +q+ **a +q”-I)“-’ (9) 
for 1~ id m. Then (8) will follow from (6) and (9). We shall prove by 
mathematical induction that (9) is true for all 1 < i < m. If m = 1, then 
G’,‘)(q) = 1 and (9) is true. Suppose that (9) is true for @v)(q) where 1~ i,< 
v<m-1 and ma2. Then by (7) 
@E)(q)Gmfi mJyi qm-i-j(l +q+ . . . +qm-2)m-i-j 
j=O ( > 
=(I +q+ . . . +q”-I)“-‘. (10) 
Accordingly, (9) is true for 1 < i < m where m is any positive integer. 
We note that in a similar way we can prove that 
@L’(q)<(l +q+ *a. +q”-y’ (11) 
for 1 <i<m and m>2. 
Obviously, the random graph T,(p) is connected if and only if p,( 1) = n. 
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Thus by (8) 
Qn(q)=p(Pn(l)=n) G (1 +y (12) 
for n > 1. This is Stepanov’s inequality. If n >, 2, then by (11) we have also 
Q,(q)<(l -qn-lY1. (13) 
3. THE PROBABILITIES P(p,(k) = n} 
The probabilities P(p,(k) = n>, 1 <s \< k <n, naturally appear in the 
investigation of the structures of polymers in chemistry. J. W. Kennedy [2] 
has derived a recurrence formula for the determination of P(p,( 1) = k} and 
calculated the probabilities P{ p,( 1) = k) for k < 5. For 1 d s < k < n the 
probabilities P(pn(.s) = k) are given by (6) where 
@f'(q) = c (k-sY Q 
k(k-s)-jl-2j2- ... -kJk 
j,!j,! * * -j,! (14) jl+ . +jk=k-h 
jl+ ... +j,<r(l<r<k-s) 
for l<s<k. 
To prove (14) let us take into consideration that in (14), j, = j where 
0 d j d k - s. Then by (14) we obtain that 
for 1 < s 6 k where @f)(q) = 1 and @y)(q) = 0 for k > 1. This is the same 
recurrence formula as (7) and the initial conditions are also the same. 
Consequently, (14) holds for all 1 < s < k. 
If q= 1 in (15), we obtain 
@I;“:-“( 1) (16) 
for 1 < s < k where @r)( 1) = 1 and @p)( 1) = 0 for k >/ 1. Hence it follows by 
mathematical induction that 
(17) 
for l&s<k. 
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